Any quantum device that amplifies coherent states of a field while preserving their phase generates noise. A nonlinear, phase-invariant amplifier may generate less noise, over a range of input field strengths, than any linear amplifier with the same amplification. We present explicit examples of such nonlinear amplifiers, and derive lower bounds on the noise generated by a nonlinear, phase-invariant quantum amplifier.
Then D ≥ E(x) and D ≥ F (x) .
Proof. Define the set of states |α
where α (m) |α (n) = δ mn and |α (0) = |α . Differentiating the expansion
we obtain
Note that A = U † aU does not depend on α, since the amplifier cannot anticipate the input state. Thus, Eqs. (2-3) imply
Consider the identity operator I 0 in the Hilbert space of states of the field:
I 0 is only part of the identity operator I in the Hilbert space of states of the field and amplifier:
|m, α (n) m, α (n) | .
The index m refers to the states of the amplifier. Without loss of generality, we may identify I 0 with the m = 0 term in I, where m = 0 represents the initial state of the amplifier.
Inserting I into the expectation value α|A † A|α -where we identify |α with |0, α -we
, where the amplifier is linear, and violated at larger x. Fig. 3 compares D, |G| 2 − 1, E, and F as functions of x, while Fig. 4 is a plot of the three bounds versus |G(x)| 2 , for t = 0.5. The nonlinear amplifier beats the linear limit, while the lower limits of the Theorem hold.
The final example involves a small nonlinear perturbation on a linear amplifier. We
where C ≡ cosh t, S ≡ sinh t, and [a,
. Let ǫ be small and positive. We find [A, A † ] = 1 to order ǫ, and A = (C − ǫx)α, i.e. G = C − ǫx. The noise is D = C 2 − 1 − 4Cxǫ < G 2 − 1, violating the linear limit to first order in ǫ. It saturates the bound F (x), while E(x) = 0 to this order.
In summary, we have obtained lower bounds on the irreducible noise of a nonlinear, phasepreserving quantum amplifier, in terms of the amplification factor G and its derivatives. For G constant, the amplifier is linear, and the bound F reproduces the linear bound. For
G not a constant, however, the nonlinear bound can undercut the linear bound. Explicit examples confirm that the noise of a nonlinear amplifier can be less than that of an ideal linear amplifier with the same amplification coefficient, over a range of input field strengths.
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